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ABSTRACT A mean-field analysis of microphase separation and phase behavior is described for melts of 
linear A-B multiblock copolymers, each chain consisting of a stochastic sequence of flexible segments (each 
with M monomers), AM and BM, for a total of Q >> 1 segments per chain. We find a phase diagram similar 
to that for statistical A-B copolymers (M = 1) but with an isotropic Lifshitz point that should be accessible 
for a wide variety of materials. Due to the broad distribution of sequence lengths of like monomers, the 
microphases are predicted to lack long-range order and to exhibit unusual temperature sensitivity at  the 
orderdieorder transition. This may open the way to a novel class of polyurethanes and thermoplastic 
elastomers. 

I. Introduction 
In recent years there has been a flurry of experimental 

and theoretical work aimed at developing an understanding 
of model copolymeric materials with well-defined archi- 
tectures.'-5 Such systems include simple diblock and 
triblock copolymers but also more complex star or graft 
block copolymers, usually prepared by anionic polymer- 
ization techniques. Considerable attention, both theo- 
retical+ll and experimental,12-14 has also been given to 
regular (alternating) (AB), multiblock copolymers. The 
interest in such materials stems from their widespread 
applications aa adhesives, emulsifiers, barrier materials, 
and impact modifiers. 

Crucial to many of these applications is the dramatic 
change in mechanical properties of block copolymers as 
they pass through the so-called microphase separation 
transition or orderdisorder transition (ODT)?JS at which 
blocks of different chemical composition segregate to form 
microdomains, producing a spatially inhomogeneous com- 
position pattern throughout the material. In systems with 
a relatively narrow distribution of block lengths and 
topologies of connections, Le., well-defied architectures, 
it is typically the case that the composition patterns (or 
'microphaws") achieve long-range or quasi-long-range 
order upon annealing. Depending upon the composition 
and particular architecture of the copolymer, body- 
centered-cubic arrays of spheres, hexagonal arrays of 
cylinders, ordered-bicontinuous-double-diamond, and 
lamellar phasea have all been 0bser~ed.l-5 The mechanical 
properties of a copolymeric material ~(111 depend sensitively 
on which of these ordered microphases is actually present. 

It is now well established in model A-B block copolymer 
system, such as anionically prepared diblocks, that there  
exist large-amplitude composition fluctuations in the 
pretransitional disordered phase of a copolymer melt.2 
These fluctuations are manifested in small-angle neutron 
scatbring (SANS) experiments as a broad correlation hole 
peak in the structure factor, whoee podtion q* changes 
only weakly with temperature as the ODT is traversed. 
There are ementially only two block lengths (NA and NB) 
in such materiale, hence, the spatial length scale for 
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composition fluctuations and (below the transition) mi- 
mophases, D = 2rlq*, reflects a combination of the radii 
of gyration of these two blocks, RA and RB. Aside from 
a weak extension of the blocks' radii from their unper- 
turbed (Gaussian) dimensions due to polarization by the 
inhomogenous medium,l6J7 q* is approximately constant 
in the transition region in accordance with theory.l5 
Complementary dynamical mechanical measurementsle 
on A-B diblocks indicate that, apart from an abrupt change 
in the shear modulus at the ODT, the ordered-phase 
modulus does not exhibit any unusual or rapid variation 
with temperature. At much lower temperatures, in the 
so-called strong segregation limit (SSL) ,1930 chains become 
strongly extended by the chemical forces and the micro- 
domain period D can be significantly larger than the 
unperturbed values of either RA and RB. 

A second class of copolymers, which include random (or 
statistical) copolymers, random multiblock copolymers, 
and other copolymeric materials of ill-defiiedarchikture 
or composition, have received much less attention from 
theorist&21122 and experimental scientists14*~ yet have 
tremendous commercial significance and engineering 
interest. Examples of engineering materials that fall in 
this cafagory include polyurethanes, SBR rubber, HIPS, 
and ABS. Recent theoretical studies of random copolymer 
meltssa7 have demonstrated that, in spite of the chemical 
complexity of such systems, tractable thermodynamic 
calculations can be performed by the use of replica- 
averaging methods. These calculations have yielded new 
insights into compositional ordering of random copolymers 
and have isolated some unusual multicritical behavior 
under appropriate polymerization c0nditions.u Two 
particularly striking predictions are that microphaace in 
random copolymer melts wil l  typically lack long-range 
order and that the microphaae period D should exhibit 
extreme temperature sensitivity near the ODT. Both 
predictions arise from the broad distribution of monomer 
sequence lengths present in a random copolymer eample, 
which may also result in marked temperature dependence 
of mechanical properties, such as moduli, in the transition 
region. 
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lymerization.28 In this model, the reactivity of an unre- 
acted prepolymer toward a growing chain end depends 
only on the type of free prepolymer and the type of end 
segment. Hence, a matrix of four bimolecular reaction 
rate constants, ~ K L  ({K, LJ = A or B), suffices to specify 
the chain propagation kinetics. Here, ~ K L  is the rate 
constant for a reactive (e.g., free radical, cation, or anion) 
chain end of type L to add a free prepolymer of type K. 
A further simplifying assumption is that the coupling 
reaction is carried out in a continuous reactor running 
under steady-state conditions. The concentration of 
unreacted prepolymers in the reactor and the average 
composition of the growing multiblocks can thus be taken 
to be time-independent, permitting a simple steady-state 
kinetic analysis of the block sequence distribution. The 
stochastic process generated under such conditions is said 
to be a stationary first-order Markov process.% 

Complete specification of the block sequence distribu- 
tion in the first-order Markov model requires that only 
two parameters be determined. The first is the average 
copolymer composition, f, which is simply the auerage 
mole (or volume) fraction of type-A monomers (or seg- 
ments) that are incorporated into the Q-segment chains. 
By the steady-state assumption, f can also be interpreted 
as the probability that a segment at an arbitrary position 
along a chain is of type A. Clearly, the probability of an 
arbitrary segment being of type B is 1 - f. The second 
quantity that would seem to be necessary to specify the 
sequence distribution is actually four quantities: a 2 X 2 
matrix of pair probabilities, PKL, giving the conditional 
probability that a segment of type L (A or B) at some 
arbitrary location on a chain is immediately followed by 
a segment of type K (A or B). However, by conservation 
of probability two of the pair probabilities can be elim- 
inated 
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Figure 1. Model random multiblock copolymers considered in 
the present paper. Each chain consists of Q flexible segments, 
each of which can be of either type-A (solid) or type-B (dashed). 
The segments in turn are prepolymers, each composed of M 
monomers of A or B. The distribution of segments along a chain 
depends on a parameter X whose value is dictated by the coupling 
chemistry as described in section 11. 

In the present paper we provide a more detailed 
exposition of these results but in the context of a class of 
random multiblock copolymer materials formed by random 
couplings of AM and BY prepolymers with (equal) degrees 
of polymerization M - 10-100 to build multiblock chains 
with an overall degree of polymerization N = MQ. For 
large numbers of segments, Q 2 10, we find that such 
materials should exhibit the same ordering and multi- 
critical phenomena as predicted for random copolymers, 
but these phenomena should be observable for a much 
larger c b  of noncrystalline, flexible A-B monomer pairs, 
including common pairs such as styrene-butadiene. We 
are hopeful that due to the unusual temperature sensitivity 
near the ODT discussed above, such multiblock materials 
could have novel properties that might lead to important 
applications. 

11. Model and Sequence Distributions 
In the present paper we consider an idealized model of 

a random multiblock copolymer melt, which nevertheless 
could be closely realized in certain model systems. As 
depicted in Figure 1, the random multiblock copolymers 
of interest are constructed from bifunctional, "living" 
prepolymers of species A and B, AM and BM. For 
simplicity, we take these prepolymers to be built from 
exactly M monomers of either A or B and choose the 
monomers to have thesame size (the volume of a monomer 
is taken to be unity), shape, and flexibility (statistical 
segment length b). In practice, of course, one should relax 
these assumptions, but for our present purpose this will 
prove u n n m .  Next, we assume that a coupling agent 
is available to randomly copolymerize mixtures of the two 
prepolymers into linsar multiblock chains. For simplicity, 
wetakethemultiblockcopolymersproducedto be perfectly 
monodisperse with a total of Q prepolymers per chain, or 
N = QM total monomers per chain. In the following 
discuseion, we shall use the term segment to refer to 
individual prepolymer units incorporated in a multiblock 
chain and the term block to refer to a contiguous sequence 
of prepolymer units of the same type." Hence, a block 
may consist of just one segment, as in an alternating 
copolymer, or of any number of segments, as in random 
copolymers. 

For the purpose of describing the monomer sequences 
that are produced by the coupling reaction we employ the 
traditional first-order Markov model of random copo- 

A third relationship among the PKL results from the 
stationary assumption that f and PKL are independent of 
location on the chain. Hence 

f =  PAAf+PAB (1 - f ,  (2.3) 
From eqs 2.1-2.3 it is clear that only one element of the 
PKL matrix is independent. It proves convenient to choose 
this one degree of freedom as the linear combination 

A = PAA + PBB - 1  (2.4) 
which coincides with the only nontrivial eigenvalue of the 
PKL matrix (the other eigenvalue is unity). 

In the following analysis, we shall treat the copolymer 
composition f and the parameter X as independent 
variables and express all other quantities related to the 
block sequence distribution in terms of these variables. 
For example, it follows from eqs 2.2-2.4 that the conditional 
probabilities ~ A A  and PBB can be written as 

p u  = f(1- A) + A (2.5) 

Although the calculations in the present paper will be 
focused on developing the thermodynamic properties of 
our model multiblock copolymer as a function off and A, 
it is important to keep in mind that these parameters are 
related to the reaction rate constants ~ K L  previously 
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discussed. In particular, the fi t-order Markov model at 
steady state leads to the expressions% 

where 5 k d k B A  and Ig 5 kBB/km are ratios Of rate 
constants known as reactivity ratios and fo  is the com- 
position (mole or volume fraction of species A) of the 
prepolymer feed stream to the reactor. Hence, estimates 
off and X can be obtained from tabulated reactivity ratio 
data and target feed compositions.% Alternatively, f and 
X can be directly measured by spectroscopic methods, such 
as NMR. 
As wil l  become apparent in the subsequent analysis, X 

is a parameter that characterizes the strength of the 
chemical correlations along a multiblock chain.26 (A 
related parameter 8 has been employed in earlier theo- 
retical studies21 of statistical copolymer blends.) From 
the definition eq 2.4 it is clear that X can assume values 
ranging from -1 to +1. The value A = -1 is achieved only 
forpu=pBB = 0,implyingthateveryAsegmentisfollowed 
by a B segment and every B segment is followed by an A 
segment. Hence, the case of X = -1 corresponds to an 
altenatingmultiblockcopolymer, inwhichallchainshave 
the ordered structure (AMBM)Q~. It should be emphasized 
that there is only one molecular species present in a 
copolymer melt with this extreme value of A. The opposite 
limit of X = 1 is met only when p u  = PBB = 1; hence, PAB 
= PBA = 0. This limit corresponds to a situtation where 
a reactive type-A segment successively adds only more 
type-A segments, producing an A homopolymer with N = 
QMtotd monomers. Similarly, a reactive type-B segment 
would grow a pure B homopolymer of N monomers in the 
A = 1 limit. Thus, the chains in a multiblock melt 
characterized by X = 1 are of two types: a fraction f of the 
chains are A homopolymers of length N and the remaining 
chains (fraction 1 - f )  are B homopolymers of length N. 
A third special case is that of X = 0. As wil l  become 
apparent below, this corresponds to a situation in which 
the types of segments at adjacent locations on a chain are 
completely independent of one another (i.e., uncorrelated). 
From eq 2.4 we see that this condition, known as ideal 
random copolymerization, is met whenever PAA + PBB = 
1 (or, equivalently, rAm = 1). Unlike the limiting cases 
of X = -1 or +1, an ideal random multiblock sample consists 
of chains that differ in overall composition and/or A-B 
segment sequencing. Indeed, for all-1 < X < 1 a multiblock 
sample is characterized by a continuous distribution of 
molecular species, each being selected from the ensemble 
of 2Q possible arrangements of A and B segments on a 
chain, subject to the global constraint that the overall 
sample composition be fixed at f. 

The three limiting cases of X just discussed are depicted 
in Figure 2. Multiblock samples that are produced under 
realistic polymerization conditions usually fall somewhere 
between these limits and are characterized by values of X 
not too close to either extreme limit of -1 or +l. Cases 
of 0 < X < 1 correspond to multiblock samples with a 
tendency for "blockinem" (Le., repeated segments of the 
same type), the extent of which depends on how close X 
is to the upper limit. Similarly, cases of -1 < X < 0 
correspond to multiblocks with a bias toward alternation 
of A and B segments along the chain. To make these 
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Types of Chemical Correlations 

h = -1 (Alternating Copolymer): 

h = 0 (Ideal Random Copolymer): 

h = +1 (Homopolymers): 
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Figure2. Typeaof chemicalconelationsinourmodelmultiblock 
melt. Samples are characterized by a "blockineasm parameter X 
that varies from -1 in the case of a perfectly alternating multiblock 
copolymer (antiferromagnetic correlations) to +1 in the caw of 
a sample consisting of a mixture of pure A and B homopolymera 
(ferromagnetic correlations). The intermediate case of X = 0 
corresponds to an ideal random block copolymer in which there 
are no correlations between the types of segmenta occupying 
adjacent positions on a chain. 

statements more quantitative and further clarify the 
physical interpretation of A, it is helpful to analyze the 
chemical correlations along the contour of a multiblock. 
If we label the successive segments of a chain by an index 
1 that runs from 1 to Q and associate with each segment 
a stochastic Ising variable 81, where 81= 1 if the segment 
is type A and 82 = -1 if the segment is of type B, then the 
fmt-order Markov model described above dictates the 
form of the probability distribution function of the {e$ 
From the previous discussion it should be clear that this 
joint distribution function depends only on the two 
parameters f and A. A convenient way of discussing the 
features of the distribution is by studying its moments, 
i.e, correlation functions. As shown in Appendix A, the 
first two are simply given by 

Equation 2.10 confirms our earlier statement that X 
describes the strength of the chemical correlations along 
a multiblock chain. For X > 0 these are ferromagnetic 
correlations, characteristic of "blocky" chains with se- 
quences of repeated A or B segments, while in the case of 
X < 0 the correlations are antiferromagnetic, describing a 
tendency for A-B alternation. 

Finally, we must describe the manner in which the 
different types of monomers interact in the melt. To 
crudely account for the repulsive part of the pair inter- 
action potentials, we enforce incompressibility,@ allowing 
the local composition to fluctuate but not the total 
monomer density. Furthermore, we account for the 
difference in the attractive parts of the pair potentials by 
the conventionalgoal Flory x parameter, which describes 
in units of kBT (and per monomer) the enthalpy penalty 
of A-B monomer contacts relative to A-A and B-B 
contacts. For the purpose of this paper, we consider 
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The unperturbed mean-squared radii of gyration of a 
segment and a chain are given, respectively, by 

systems where x increases with decreasing temperature 
according to x - 1/T. The formulas derived here apply 
also to A-B monomer pairs where x increases with 
temperature, but the descriptive language (i.e., cooling or 
heating) must be reversed. 

111. Thermodynamic Properties 
A. Landau Free Energy Functional. We now turn 

to consider the phase behavior and thermodynamic 
properties of the model random block copolymer melt 
described in the last section. Our approach is to construct 
a Landau-type density functional theoryI5 in which the 
free energy F[m] is developed as a functional Taylor 
expansion in a concentration order parameter field m(x). 
A convenient choice for m(x) is15*24925 

m(x) = ( ( 6 A ( X ) - f ) ) a ~ e  (3.1) 
where ~$A(x) is the microscopic volume fraction of type-A 
monomers at position x, which depends on the instan- 
taneous monomer positions, {R), and the distribution of 
monomers along the chains, i.e., realization of occupation 
variables (e). The inner average in eq 3.1 is an ensemble 
(thermal) average over (R), and the outer is a quenched 
average over (e). An equivalent, but microscopic, expres- 
sion for m(x) is given in Appendix B, eq B.5. 

The field m(x) is useful for the purpose of studying the 
phase behavior of copolymer melts since it vanishes 
identically in a single homogenous (liquid) phase but takes 
nonzero uniform values in coexisting liquid phases. In 
the case of a mesophase, there exists a set of Fourier 
coefficients of m(x), denoted {m(k)), that are nonvanishing. 
Hence, by minimizing a suitable free energy functional 
F[m] with reapect to the Fourier coefficients of m, it is 
possible to distinguieh different types of phases and to 
delineate different regions of the phase diagram. 

In Appendix B we present a derivation of the mean- 
field free energy functional to fourth order in m, enforcing 
incompreseibility of the melt and describing the enthalpy 
of contacta between dissimilar A and B monomers by the 
phenomenological parameter x. The method employed 
is an estension of that developed by Fredrickson and 
Leibler22 and avoids the use of replica averaging tech- 
niques.NtE We have simplified the expansion coefficients 
by retaining only leading order terms in the number of 
segments per chain, i.e., Q >> 1, and only terms up to first 
order in the strength of the chemical correlations, 1x1 << 
1. Relative to the free energy of a single homogenous phase 
(m = 0), the free energy functional can be written as 

F[m] = - T m ( k )  m(-k) [G;’(k2RM2) - 2x1 - 
2! v 

&m(kJ m(-k,) m(k2) W-k,) X 
4( C$4A)2p 

g(kI2RN2 + k:RN2) (3.2) 
where g(x) is the Debye function (eq B.18) and G2(x) is a 
Debye-like function defined by eq B.19. We have also 
made the following definitions: 

1 + X  A s -  
l - X  (3.3) 

c, = f(1 - f ) ,  c, 5 1 - 2f (3.4) 

R M 2  = Mb2/6 

RN2 = Nb2/6 = Q RM2 (3.5) 

In the cubic and quartic terms of eq 3.2 we have also coarse- 
grained the Landau coefficients on the scale of a segment 
radius of gyration, RM, by taking k j R M  << 1, where ki is the 
magnitude of a wavevector in the sums. Finally, we note 
that the overall volume of the sample is denoted V and 
the Fourier coefficients m(k) are defined in terms of m(x) 
by eq B.15. 

Before discussing the consequences of eq 3.2, we should 
point out that the equation is consistent with previous 
expressions derived for random (statistical) copolymers. 
In particular, if one seta M = 1 in the equation, an 
expression results that was employed by Fredrickson and 
MherB in their study of random copolymer melts; if one 
further takes N + = and X = 0, the free energy functional 
of Shakhnovichand GutinN is recovered. Finally, the limit 
of M = 1, h = 0, and k&N << 1 was previoualy obtained 
by Fredrickeon and Leibler.Z2 As was discussed in ref 22, 
this long-wavelength limit is consistent with a ‘‘pseudo- 
binary approximation” in which the continuous dwtribu- 
tion of chain compositions is replaced by a sum of two 6 
functions with the same variance as the original distri- 
bution. Flory-Huggins theory for the pseudo-binary 
system, when expanded in powers of m, leads to a free 
energy expression with the same scaling behavior as the 
long-wavelength limit (k& << 1) of eq 3.2. 
B. Spinodal Conditione. The stability limit of the 

homogenous liquid phase of a random multiblock copol- 
ymer melt is determined by the condition 

mink [GL1(k2RM2) - 2x1 = 0 (3.6) 
For the situations of primary interest here the minimum 
values of k, denoted k*, wil l  satisfy k*RM << 1; hence, it 
is sufficient to expand Gz-l(x) to O(x2), leading to 

+ 4X + (kRM)2 + 3(1+ h)( l -  A) ““‘1 = o  (3.7) 
36A2 

While the O(k4) coefficient is always positive, the coef- 
ficient of the O(k2) term is only positive if 

X > A, E -2 + 6 -0.268 (3.8) 
In such casea of X > XL, the expression in eq 3.7 is minimized 
by k* = 0 and the spinodal condition reduces to (x = xJ 

(3.9) 

This expression is valid provided that lXlQ << 1. A uniformly 
accurate expression for 0 I X I 1, however, comes from 
restoring the subdominant terms in Q to eq B.lCk26 

(3.10) Q(1- N2 
xk.l = 2f( l -  f>{Q(1- XI2  + 2X[Q(1- A) + hQ - 11) 
Equations 3.9 and 3.10 are indistinguishable for Q >> 1, 
except for values of X that are within @1 of +l.  Precisely 
at X = 1, the homopolymer limit (cf. Figure 2), eq 3.10 
recovers the exact Flory-Huggins spinodalm xs = 1/[2f(l 
- f )N , while eq 3.9 incorrectlygives xs = 0. In the following 
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analysis, however, we shall use the simpler eq 3.9 unless 
explicitly stated otherwise. 

Equation 3.9 (or 3.10) for XL < X < 1 describes the limit 
of stability of a single homogenous copolymer phase to 
phase separation into two coexisting liquid phases. (Note 
that the quartic coefficient in eq 3.2 is positive; hence, we 
expect that F[ml will have at most two low-lying minima 
for x very near xs.) At X = 1, this behavior is easily 
understood as the partitioning of A and B homopolymers. 
For the more general XL < X < 1 a similar interpretation 
is possible.25 The average composition (volume fraction 
of A) of a single multiblock chain can be written as 

1 
c = -F(i + e,) 

2Q 
(3.11) 

where (C), = f. The probability distribution function of 
c, P(c),  in the case of X = 1 is the simple bimodal 
distribution 

P(c) = fbe,l + (1 - f M , ,  (3.12) 
and it is the partitioning of the different molecules (chains) 
belonging to the two parts of the distribution that we 
interpret as phase separation. For X = 0, however, the 01 
variables along a chain are independent, so the central 
limit theorem implies that P(c) is Gaussian for large Q, 
withmeanfandvariance ((8c)2)ave =f(l-f)/Q. Again the 
phase separation can be interpreted as a partitioning (by 
chain) of P(c), but division of the singly-peaked Gaussian 
distribution in the case of X = 0 produces two phases that 
differ a t  most by ( (6C)')ave1/' = [f(l- f>/Q11/2 in compo- 
sition. We shall see later that eq 3.2 is indeed consistent 
with this prediction. For more general values of XL < X 
< 1, but IXlQ << 1, the distribution P(c) remains singly 
peaked and the above argument can be extended to 
conclude that the two coexisting phases differ at most in 
composition by ((SC)2)av~'/2 = [f(l - f)A/Q]1/2. 

It is interesting to contrast these predictions of liquid- 
liquid phase separation in a pure random copolymer 
sample of mean composition f and Yblockiness" X with 
earlier predictionsz1 of phase separation in blends of 
random copolymers that differ in composition and/or 
sequence distribution. In these treatments of copolymer 
blends, for which the overall chain composition distribution 
P(c) is doubly peaked, each pure random copolymer (with 
a singly peaked chain composition distribution) is imagined 
to be a single component. While such lumping is per- 
missible for the situations considered by the authors of 
ref 21, it would not be capable of describing the phase- 
separation behavior discussed above. Indeed, we rely on 
the finite width of the singly-peakedP(c) for a pure random 
copolymer melt to give the predicted liquid-liquid sep- 
aration. 

For cases of X < XL (strong tendency for alternation of 
segments), the O(k2) coefficient in eq 3.7 changes sign, 
and k* # 0. On minimization, one obtains 

6(1+ X)(X + 2 + A ) ( X L  - A) 
(k*RM)' = (3.13) 

(1 - 
which is valid for X in the close vicinity of AI,. For smaller 
values of X it is not permissible to expand Gz-l(x); k* must 
be determined numerically by minimization of eq 3.6. As 
shown in Figure 3, (&*RM)~ increases monotonically from 
zero as X is reduced below XL. In the limit of a perfectly 
alternating multiblock melt, X = -1, ( k * R d 2  = 3.2 which 
is consistent with earlier theoretical work.B-1l An inter- 
esting feature of eq 3.13 (and Figure 3) is the independence 
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Figure 3. Dependence of the wavevector k*, which charact"  
the microphase period at the spinodal for A < XL, on the parameter 
A. In the close vicinity of AL , k* is given by eq 3.13, but it ie 
obtained more generally by numerical minimization of eq 3.6. 

of k* on f ,  unlike monodisperse diblock or triblock 
copolymers where k* exhibits a reasonably strong depen- 
dence on composition. 

Equation 3.13 gives the wavevector k* that characterizes 
the most unstable concentration wave on cooling a 
multiblock sample with X I XL to the point where a 
microphe  separation fmt occurs (i.e., the ODT).lS This 
wavevector also describes the location of the peak in the 
structure factor for a homogenous multiblock melt (see 
the Discussion section). Substitution of eq 3.13 into eq 
3.7 leads to an equation for the X I XL microphase spinodcrl 
line ( x  = xm): 

This microphase spinodal line smoothly joins the liquid- 
liquid spinodal line eq 3.9 at the point 

XL = -2 + A -0.268 

(3.15) 1 - A, 1.73 =- 
xLM = 2f(l-  f)(l+ XL) 2f(l-  f )  

For the special case off = f~ = l/z, this point is a special 
type of multicritical point32t33 known as an isotropic 
Lifshitz point, being at the confluence of k* = 0 and k* 
# 0 critical lines. For cases of asymmetric copolymers, 

f # l/z, these lines are spinodal lines and the Lifshitz points 
given by eq 3.15 are preempted by firstcorder transitions, 
as wil l  be described below. In Figure 4 we plot the two 
branches of the spinodal lines given by eqs 3.9 and 3.14 
as functions of A. On crossing the solid curve to the right 
of XL = -0.268 (e.g., by lowering temperature and hence 
increasing x ) ,  a homogenous melt becomes unstable to 
separation into two liquid phases. On crossing the solid 
curve to the left of XL, a homogenous melt becomes unstable 
to a microphase characterid by wavevectors of magnitude 
k* given in eq 3.13. As is typical of mean-field analyses 
of Lifshitz points, k* vanishes continuously according to 
( X L  - W2 as the Lifshitz point is approached from the 
left. Hence, in the close vicinity of XL, the microphase 
period 2rlk* can greatly exceed either the segment size 
RM or the overall chain size RN. The spatially varying 
composition patterns in this regime are built up by 
distributing entire chains according to their composition, 
with chains characterized by c > f forming the A-rich 
microdomains and chains with c < f forming the B-rich 
domains. Finally, we should note that since eq 3.14 is 
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Figure 4. Spinodal linea for a random multiblock melt of variable 
X. On cooling a melt with X > XL s -0.268, the f i t  instability 
is to phase eeparation into two homogenoue liquid phases ( x  = 
Xh).  On further cooling to x = xm, the two liquid phases become 
unstable to the formation of a microphase. In contrast, a melt 
with X < XL first becomes absolutely unstable to the formation 
of microphasea ( x  = xm). At the critical composition off = l/?, 
the point ( X L , ~ )  is a multicritical point known as an isotropic 
Lifshitz point. 

bawd on the expansion 3.7, it is not accurate for values 
of X that are significantly lees than XI,. 
C. Stability of Homogenous Phases. In order to fill 

in the remainder of the random multiblockphaae diagram, 
it is necessary to use eq 3.2 to calculate the free energy of 
different proposed homogenous or inhomogenous phases. 
We begin by considering the free energy of multiple 
homogenous phases for X > XI,. In such cases the relevant 
Fourier coefficients are m(k) with k-l comparable to the 
macroscopic sizeof a phase. (Note, however, that m(k=O) 
is strictly zero.) Under such circumstances we can set 
k& and kiRNtO zero in eq 3.2, yielding a purely local free 
energy density 

m3 + * m4 (3.16) FIV = ( x ,  - x)m2 - - c3 

3!C;M 4(C@N2 
where m is the value of m(x) in a homogenous phase of 
macroscopic extent and xs is given by eq 3.9. It will prove 
convenient to reexpress eq 3.16 by introducing a new free 
energy density, FH, defined by 

(3.17) FH = 2M(F/V)  = 2M(x, - X)m2 - am3 + Bm4 
with 

c3 1-2f  (]La-= 
3C: 3 f ( l -b2  

(3.18) 

(3.19) ,B= Q(1- ’ 2C;A2 2f( l -  n2(1 + A)’ 

Equation 3.17 can be used to study the liquid-liquid 
phase separation that occurs for X > XI,. Minimizing eq 
3.17 yields (nonzero root of lowest free energy)-m = m 

a = 3 4 1  + r)/(88) (3.20) 
with 

7 = [l - 64@(x, - ~ ) M / ( 9 a ~ ) l ” ~  (3.21) 
The homogenous molten phase first becomes metastable 
(or unstable for f = l/2) with respect to two liquid phases 

0 1/2 1 
f 

b. k < k ,  

H 

0 112 1 
f 

Figure 5. (a) Schematic phase diagram in the coodinatee xM 
and f for the case of X > XI,. The notations H, LA + Lg, and DM 
denote, respectively, regions of stability for the homogenous 
phase, coexistence of two liquid phases, and disordered mi- 
crophasee (Le., no long-range order). (b) Schematic phase diagram 
in the coodinate8 X M  and f for the case of X < XL. The notation 
OM denotes regions where long-range ordered microphases (e.g., 
hexagonal, bcc, etc.) are expected to be stable. 

very near the point at which F ~ ( l f i )  = 0, which leads to the 
condition ( x  = Xh) 

(3.22) 
This equation describes the binodal curve for liquid-liquid 
phase separation, which, due to the factor Q-l, lies very 
close to the spinodal. Because the cubic term in eq 3.17 
vanishes for compositionally symmetric melts, f = V 2  is 
evidently a critical point a t  which the phase separation is 
second order, while the transition is first order at all other 
points along the binodal. For f # l / 2  droplets of com- 
position f + Ih are expected to nucleate in the homogenous 
copolymer melt on raising x above Xh. As x is further 
raised above Xh (e.g., by lowering T), the compositions of 
the two coexisting phases can be easily obtained from eq 
3.17 by equating the exchange chemical potentials, p = 
aFH/am, and osmotic pressures, II = FH - pm, of the two 
phases. However, an order of magnitude estimate of the 
composition difference between phases is given by Ih, the 
minimum of FH, which from eq 3.20 is characteristically 
(1 - 2f)A2/(3Q) at the first-order transition and increases 
to be of order [(d xs - l)f (1 -fin/ Q11/2 above the transition. 
This latter result is in accord with the pseudo-binary 
approximation,22 discussed in the previous section. 

In Figure 6 we show a schematic drawing of the binodal 
and spinodal curves in the XM verses f plane for X > AL. 
It is importont to note that tie lines cannot be drawn in 
this plane, since f is a parameter that characterizes the 
distribution of molecular species and does not reflect the 
local composition of coexisting phases. The tie lines can 



Macromolecules, Val. 25, No. 23,1992 

a. f - 112 

H 

0 112 1 

$A 

b. f # 112 

I--0-"2--rl 

H 

f 112 
I I 

$A 

Figu-re 6. (a) Schematic phase diagram in the cglinates xM 
and & for the case of X > XL and f = 1/2, where +A is the local 
volume fraction of type A monomers, The notations for the 
phases are the same as in Figure 5, but the present repreFntation 
allows for the construction of tie lines parallel to the &, axis to 
determine the compositions of coexisting phases. On phase 
separation into two liquid phases differing in composition by 
O(Q+z), a symmetric copolymer melt freezes in a eutectic-like 
fashion into a disordered mesopbe. (b) Schematic phase 
diagram in the coordinates xM and 4~ for the case of X > XL and 
f # 112. After a first-order separation into two liquid phases, the 
liquid phase with composition closest to ' 1 2  freezes into a 
disordered mesophase, whose composition changes until the 
freezing is complete and the other liquid phase is consumed. The 
usual lever rule applies in this plane, and tie lines can be drawn 
in both two-phase regions. 

instead by represented in a xM verses 8~ plane, where & 
f i  + f and f are treated as being independent. Schematic 

examples of such diagrams are shown in Figure 6 for critical 
cf = l /2 )  and off-critical (f # V 2 )  compositions. 
D. Microphaoe Free Energy and Stability. We now 

turn to consider the free energy of inhomogenous structures 
(i.e., microphases) and the possibility that the coexisting 
liquid phases will lose stability to such microphases on 
further cooling. For large enough values of x we expect 
that microphases would be preferred over homogenous 
phases because the former allow for complete local 
segregation of A and B monomers, while the latter retain 
practically all of the A-B contacts of the single mixed 
phase. For simplicity and for consistency with the mean- 
field theory of diblock copolymers developed by Leibler," 
we adopt a single-harmonic approximation for the mi- 
crophase structures. In particular, we choose the following 
representation for m(x): 

(3.23) 

where the set of reciprocal lattice vectors {Ki] (i = 1, ..., 
n) have equal magnitudes lKil = k and are chosen to 
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describe lamellae (n = 11, cyliiders (n = 31, andbccspheres 
(n = 6) in the usual way.11J6 The lattice vector magnitude 
k and pattern amplitude $,, wil l  be treated as variational 
parameters and subsequently eliminated. Besides these 
long-range-ordered microphase structures, we have also 
considered disordered, random wave structures of the 
form243 

where the unit vectors di are selected uniformly on the 
unit sphere, the 4i are random phases, and I is a large 
positive integer (that will later taken to infinity). Such 
constructs have been used to model time-dependent and 
stationary patterns observed in spinodal decomposition 
experiments and microemulsions. Here we use eq 3.24 as 
an ansatz for an equilibrium structure in random multi- 
block melts. 

Substitution of these expressions for m(x) into eq 3.2 
yields a free-energy density, Fn = F[mlM/V, given by 

(k2RM2)2/(36A2)]) $: - An$: + B $ t  (3.25) 
Here we have expanded Gz-l(x) to O(x2) and made the 
definitions 

(X+2+f i ) (X- -XL)  E =  
3(1- X)(1 + A) 

(3.26) 

(3.27) 

In the present calculation to leading order in Q-l, only the 
cubic coefficients depend on the type of structure, Le., on 
n. We obtain for lamellae and the random wave structure 

A, = A ,  = 0 (3.28) 
while for cylinders (hexagonal phase) 

and for spheres (bcc phase) 

4c3 
3 4 c ;  

A , = -  

(3.29) 

(3.30) 

We begin our analysis of the microphases by considering 
the symmetric case off = l/z and X > AI,. In this instance 
An = 0 for all structures (note C3 = 01, leaving the free- 
energy expression 3.25 degenerate to the typa of structure. 
It turns out that this degeneracy is weakly broken by 
contributions to the quartic coefficient in the free energy 
that 'are smaller than the leading term by a factor of Q+. 
However, since any resulting differences in free energies 
of the various structures are necessarily small, we expect 
that in practice disordered microphases lacking long-range 
order wil l  be formed on cooling from thebomogenous melt. 
Since we have little insight into the detailed topology of 
such microphasee, eq 3.24 is employed as a sensible and 
computationally tractable structural ansatz. 
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The last result, eq 3.39, could have important impli- 
cations for the design of new materials with high- 
temperature sensitivity. Model diblock and triblock 
copolymers are known to form microphases characterized 
by wavevectors ko that are only weakly temperature 
dependent at the ODT.16*17 Moreover, in such systems ko 
has been observed16 to decrease slightly on cooling 
(increasing x ) ,  due to copolymer polarization (stretching) 
caused by the inhomogenous chemical environment sur- 
rounding each chain. In contrast, eq 3.39 suggests that 
for the case of random multiblocks ko should increase on 
cooling according to ko - ( x  - x ~ ) ~ / ~ .  This difference in 
the behaviors of the two types of block copolymer systems 
arises from the broad distribution of block sequence lengths 
in the random system. Near the microphase transition at 
Xm, it is the longest contiguous sequences of A or B blocks 
that are the most incompatible and hence participate to 
the largest extent in establishing ko. As the temperature 
is lowered, shorter A and B sequences begin to "fii in" the 
microphases, producing a decrease in the period-hence 
an increase in ko. In contrast, monodisperse diblock or 
triblock copolymers have only one block size and thus do 
not have the luxury of selecting different portions of the 
sequence length distribution at each temperature. Small- 
angle neutron or X-ray scattering experiments on labeled 
random multiblock or statistical copolymers would seem 
to provide an ideal means for testing eq 3.39. 
As a next step, we turn to consider microphase formation 

at off-critical compositions, f # l/2, and X > XL. Naively, 
the presence of the cubic term in eq 3.25 would be expected 
to lead to a fiit-order transition into the bcc structure on 
sufficient cooling of the coexisting liquid pbaees. (The 
bcc phase would be favored over the hexagonal phase since 
A6 > A3). However, on minimizing eq 3.25 with respect 
to $n, it can easily be shown that the cubic term gives a 
negligible contribution to the free energy when the 
following condition is met: 

Proceeding with the evaluation of the free energy, eq 
3.25 can be minimized with respect to $,, (for the case of 
A n  = 0) to Obtain 

In this expression we require x / x s  > 1 + Ek2RM2 in order 
that lJhl> 0 and we have dropped the k4 term in eq 3.25 
for the present case of X > XL. Next, we introduce the 
variables 

K 5 (x/x, - UQ/E 

x k2RN2 (3.32) 

and rewrite eq 3.31 as 

(3.33) 

The remaining task is to minimize this expression with 
respect to x (i.e., k) .  For K < 3, eq 3.33 is minimized by 
x = 0, in which case the equation reduces to the free energy 
of coexisting homogenous phases: 

(3.34) 
Thus, at the critical composition the coexisting liquid 
phases are stable for 0 < K < 3, or equivalently for xM, 
satisfying 

Fn = -(K~E~)/(~Q') = F,/2 

When K is increased slightly above the critical value of 3, 
the right-hand side of eq 3.33 is minimized by a nonzero 
value of x ( x  = X O ) :  

(3.36) 1 
-(K - 3) + O[(K - 3)2] 2 x0 

The corresponding microphase free energy, given by 

is then lower than the homogenous free energy given by 
eq 3.34. Thus, a continuous (second-order) phase tran- 
sition from two coexisting liquid phases to a disordered 
microphase occurs a t  K = 3 ( x  = xm): 

This line is shown in the XM verses X plane in Figure 4 
and in the XM verses f plane in Figure 5. As is expressed 
most clearly in the XM verses & plane in Figure 6, two 
liquid pheaea and one mesophase coexist a t  x,,,,M. The 
compition f = '/2 is analogous to a eutectic in binary 
alloys. The wavevecfar of the microphase should vary in 
the transition region according to ( x  1 xm) (cf. eq 3.36) 

Similar predictions for etatiEtical Copolymers (M = 1) have 
recently been although the predictions here are 
universal (do not involve additional phenomenological 
parameters) becclase the k2 coefficients in the free energy 
are dominated by the nonlocal confisurational entropy of 
a segment and not by the nonlocality of the interactions 
(Le., x h 2 6  

This difference is very small, of order Q-1, unless f is within 
Q-l of 0 or 1, or X is within Q-l of 1. Thus, once xM reaches 
such values, the choice of microphase structure is deter- 
mined only by the quartic coefficients, which to leading 
order in Q-l are independent of structure. We recall, 
however, that for f = l / 2  (eq 3.38) microphases are only 
possible if XM - xJ4 2 Q-l. One can show from eq 3.25 
that this is also the case for arbitrary f (but not too cloee 
to 0 or 1). Thus, we expect that for the values of xN 
sufficient to produce microphase ordering, the contribution 
of the cubic temmto the free energy is greatly diminished. 
It follows that to a good approximation for large Q (and 
not too asymmetric copolymers) the free energy should 
again be degenerate to the type of structure. 

We conclude, therefore, that the microphase ordering 
transition for f # l/2 should occur in the vicinty of x&f 
given by eq 3.38, but the precise nature of the transition 
and the type of microphase formed are unclear. To clarify 
these iesuea would require restoring some of the subdom- 
inant contributions to the quartic coefficient B and an 
analysis beyond the scope of the present paper. However, 
because of the presence of small, but finite cubic terms in 
eq 3.25, the ordering transition for f # l/2 is probably 
weakly fiborder. Moreover, the approximate degeneracy 
of the free energy to structure leads one to expect that 
disordered microphases will also be observed for com- 
positionally asymmetric random multiblock melts. 
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We summarize our predictions for X > XL by the 
schematic phase diagrams in Figures 5 and 6. When a 
random multiblock copolymer melt is cooled, the system 
first phase separates into two liquid phases at the binodal 
XI,M given by eq 3.22. For f = V 2  the separation is 
continuous; otherwise, it is fmt-order. On further cooliig 
by an amount (xM units) that is O(Q-9, the two liquid 
phases undergo a transformation to a disordered me- 
sophase. For f = 1/2 this transformation occurs in a 
eutectic-like fashion (Figure 6a) a t  x& given by eq 3.38, 
with the two liquid phases being consumed at equal rates. 
For f # 1/2, the liquid phase with the more symmetric 
composition freezes into a disordered microphase in the 
vicinity of x& (Figure 6b). As the cooling continues, the 
composition of the microphase approaches f, at which 
the freezing is complete. Unlike conventional freezing of 
simple liquids, however, highly disordered solid phases 
are produced and the lattice constant changes markedly 
with temperature according to eq 3.39. 

Finally, we turn to consider the situation where X < XL. 
From our analysis of the spinodal it is clear that the 
formation of microphases is already favorable at XM = 
x&, given by eq 3.14 for X near XL. Hence, we need not 
be concemed with multiple homogenous phawa but instead 
consider the microphase free-energy expression 3.25 for 
cases of X XL. Again, we begin by treating the case of 
f = l / 2  and then generalize our results to asymmetric 
compositions. At the critical composition, A, = 0, so eq 
3.26 becomes degenerate to the type of structure as before. 
However, for the present case of X < XL, the coefficient E 
is negative, requiring that we retain the O(k4) quadratic 
term in the free energy. On minimizing the resulting free- 
energy expression with respect to $, (assuming x 1 Xsm), 
one obtains 

Ehcept for X very close to XL, the wavevector k that 
minimizes eq 3.41 will satisfy kRN >, 1. In such cases, it 
is permissible to replace g(2k2R$) by l/(k2R$) for the 
purpose of carrying out the minimization. We f i d  for 
the optimal wavevector of the microphase (k = ko) the 
result 

(3.42) 
where k* is given by eq 3.13 and we have assumed that 0 
< XM - x& << 1. Thus, at the microphase transition 
threshold (ODT) x = xm, the wavevector ko characterizing 
the microdomain period 2rlko is precisely equal to k*. 
muation 3.42 indicates that the wavevector ko increases 
as x is raised above xun with the same temperature 
dependence as was found for X > XL. Indeed, the crossover 
between eqs 3.39 and 3.42 is smooth for large xM. 

The free-energy expression 3.41, when evaluated with 
k = ko, changes sign at xm, and the microphase amplitude 
rLll grows continuously from zero at that threshold. Hence, 
the ODT at the critical composition is found to be second- 
order within the present mean-field theory. Again, due 
to the energetic equivalence of all structures for large Q, 
we anticipate the formation of disordered microphases 
lacking long-range compositional order. 

The case of asymmetric copolymers with a tendency for 
alternation (A < AL) can be analyzed in a similar fashion. 
Due to the presence of the cubic terms in eq 3.26 for f # 
l/2, the ODT will correspond to a first-order phase 
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transition, with the bcc phase being the lowest free-energy 
structure. The transition wil l  occur at a value of xM that 
precedes the microphase spinodal xrmM by a small distance 
of order [(l - 2fiA/C2I2/Q. However, on further cooling 
an asymmetric copolymer melt, we know from our previous 
discussion that the cubic terms in eq 3.25 become irrelevant 
to the phase behavior at a comparable distance above 
Le., for xM - x8& 2 [(l - 2f)A/C2I2/Q. At such values 
of x the free energy is degenerate to leading order in Q-1 
and we again expect disordered microphases. Thus, 
ordered microphases are to be expected within a narrow 
range of characteristic width (in xM [(l - 2f)A/C2I2/Q 
about the ODT, while disordered inhomogenous phases 
should be more prevalent at larger xN. Our free-energy 
functional, however, is not capable of predicting the loss 
of stability of the bcc phase to the hexagonal phase or to 
the random wave structure. Higher order (in Q-l) con- 
tributions to the quartic coefficient are required to describe 
the bcc to hexagonal transition (still lying within Q-l of 
the ODT), and these would also break the degeneracy of 
the random wave and long-range ordered structures. 
Nevertheless, we expect that for large Q the energy 
differences among the various phases wil l  be sufficiently 
small that copolymer melts with f # '/2 and X X L  wil l  
freeze irreproducibly into a myriad of disordered meso- 
phases. The qualitative features of this postulatad phase 
behavior are shown in Figure 5b. 
IV. Discussion 

In the present paper we have made a number of 
predictions for the phase behavior and thermodynamic 
properties of a restricted class of random multiblock 
copolymers. An obvious method of testing some of these 
predictions would be to perform SANS or SAXS exper- 
iments on multiblock melts that have been suitably labeled 
to provide contrast between the two types of segments. 
Ideally, one would like to have access to both the 
homogenous phase and the microphases by varying the 
temperature. Since a large range of x can generally not 
be achieved for the restricted range of temperatures to 
which most systems can be subjected, this necessitates 
preparing a sample that is close to the threshold for liquid- 
liquid separation or the ODT. In practice, since all the 
phase boundaries for long chains are close to the spinodal 
xa the system should be constructed to allow x to be varied 
on either side of xs given by eq 3.9. For example, if one 
were preparing a styrendiene multiblock with symmetric 
composition cf = l /2) and by means of coupling chemistry 
that approximated conditions of ideal copolymerization 
(A = 01, then eq 3.9 reduces to xI = 2/M. Since x values 
for such pairs are of order 0.1 in a workable temperature 
range, one should try to synthesize prepolymers with degree 
of polymerization 20. 

Having prepared a suitable sample, the next step would 
be to examine the scattered intensity in the homogenous 
phase of the copolymer melt. Within the context of the 
present mean-field theory, the scattered intensity in the 
homogenous phase is proportional to the reciprocal of the 
quadratic coefficient in eq 3.2. The relevant structure 
factor is thus 

S(k)  1/[G;'(k2RM2) - 2x1 (4.1) 
where the function G&) is defiied in eq B.19. The k 
dependence and temperature dependence of the scattered 
intensity could be tested against eq 4.1. Alternatively, for 
a sample where the coupling chemistry is poorly under- 
stood but the composition f is known, fib of scattering 
data to eq 4.1 could be used to extract a value of X and thus 
provide a measure of the block sequence distribution. 
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Multiblock samples that are characterized by X > XL = 
-0.268 will, according to eq 4.1, have maximum scattered 
intensity at k = 0 in the homogenous phase. On cooling 
through the liquid-liquid boundary at x = Xh, there will 
probably be little change in the scattering, since the 
composition difference between the two phases is only of 
order Q-lI2-providing little contrast. On further cooling 
through xm given by eq 3.38, however, a peak in the 
scattering intensity at k = ko should emerge at small 
wavevectors. This peak position should move to larger 
values with increasing x (decreasing 2') according to eq 
3.39. 

In contrast, homogenous samples characterized by X < 
XL will show a peak in their scattered intensity at a 
wavevector k* given by eq 3.13. On cooling within the 
homogenous phase, this peak position should show only 
the weak temperature dependence seen in monodisperse 
diblock copolymers17 until the ODT is reached. At that 
point, the peak is expected to move to higher values of k 
in the manner predicted by eq 3.42. 

The unique temperature dependence of the peak 
position, as was described in detail in the previous section, 
arises from the broad distribution of block lengths present 
in random systems and is not (e.g.) a feature of perfectly 
alternating multiblock copolymers (A = -1). Since the 
mechanical and optical properties of microphase-separabd 
block copolymers are strong functions of the microdomain 
period, we expect these properties to also exhibit marked 
temperature sensitivity for the case of the random 
multiblock materials. Thus, we are left with the interesting 
conclusion that multiblock properties might actually be 
enhanced by purposefully introducing disorder in the form 
of block polydispersity. It would seem that thermoplastic 
elastomers, polyurethanes, or other polymeric materials 
designed to take advantage of this temperature sensitivity 
could have significant commercial applications. 

We are only aware of one experimental study that may 
provide confirmation of our prediction for the temperature 
dependence of lzo as given in eq 3.42. Ryan, Macosko, and 
Brasz3 have carried out SAXS measurements on a model 
block copolyurethane and made a tentative identification 
of the ODT. They find the curious result that the peak 
wavevector decreases rapidly on cooling through the 
transition region (which they attribute to chain stretching) 
and then increases as the temperature is further lowered 
in the microphase-separated state. Except for the initial 
decrease, which cannot be described by the present theory 
(our RPA-like calculation does not self-consistently ac- 
count for chain stretching), the increase in ko in the ordered 
phase would seem to be in qualitative agreement with eq 
3.42 for a sample with a tendency for alternation X < XL. 

Direct visual evidence for the existence of coexisting 
liquid phases in random copolymer melts comes from the 
experiments of Stupp and co-workers,35 where one of the 
monomer types was mesogenic. In this instance, coexisting 
nematic and isotropic liquid phases were observed (see 
also ref 22). Liquid-liquid phase separation has also been 
observed experimentally and predicted theoreticallyz1 in 
blends of random copolymers having different composi- 
tions and/or sequence distributions. However, such phase 
separation is less surprising than for the case of a pure 
random copolymer melt considered here because the 
distribution of chain compositions is doubly peaked in 
such blends and the composition difference of the peaks 
can be of order unity. 

Evidence of solid-liquid coexistence (such as that 
postulated in Figure 6b) is provided by the measurements 
of Koberstein, Russell, and Leung38 on segmented poly- 
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urethanes. Moreover, there is mounting experimental 
evidence that microphases with long-range order are very 
difficult to achieve in segmented copolymer melts with a 
broad distribution of block lengths,QJ49=9*N consistent 
with our finding of small or nonexistent free-energy 
differences between different structures. Carefully pre- 
pared alternating multiblocks, however, have been shown 
to exhibit moderate degrees of long-range order on 
annealing.lZJ3 Finally, we note that microstructural 
models related to the random wave pattern eq 3.24 have 
been successfully used to interpret scattering data from 
microphase-separated polyurethanes and other multiblock 
cop01ymers.l~ 
Our simple model of random multiblocks has the 

shortcoming that it does not account for a distribution of 
overall length, i.e., Q or N. Particularly for short copol- 
ymers, phase behavior could be quite sensitive to chain 
length polydispersity. Even for compositionally mono- 
disperse systems, such as anionically prepared diblock 
mixtures of constant f ,  a distribution of N can lead to 
multiphase c o e ~ i s t e n c e . ~ ~ ~ ~  The simultaneous presence 
of chain length and compositional dispersity could greatly 
enrich the thermodynamic possibilities, producing phase 
diagrams and multicritical phenomena even more complex 
than those addressed in the present paper. 

The analysis presented here could be extended in several 
other directions. For quantitative application of the theory 
to some experimental systems it may prove necessary to 
generalize the analysis to monomers with unequal sta- 
tistical segment lengths or to prepolymers with unequal 
degrees of polymerization. One might also want to 
generalize the analysis to rigid-flexible segmented copol- 
ymers or to use the free energy derived here as a starting 
point for studying rheology and dynamics. 

Finally, we should comment on the accuracy of the mean- 
field approximation employed throughout. The approx- 
imation is expected to be worst in the vicinity of the two 
branches of the critical line cf = l/z): x = xs(X) for X > XL 
and x = xsm(X) for X C XL, where the osmotic susceptibility 
is singular. The positive branch corresponds to a con- 
ventional liquid-liquid separation, so we expect fluctuation 
corrections to renormalize this mean-field critical line into 
a new critical line with 3 - d Ising exponents. Since the 
molecules separating to form the two phases are high 
molecular weight polymers, however, we expect a very 
narrow nonclassical region about the critical line that is 
only N-l wide in reduced tempera t~re .~~ On the negative 
branch, X < XL, the mean-field transition is second-order 
and at k* # 0. For such transitions, it is believed that 
Composition fluctuations have the effect of inducing a weak 
first-order phase transiti0n.~*34*43 Such effects are likely 
to be important in displacing the actual ODT from the 
mean-field ODT, particularly far from the Lifshitz point. 
Precisely at X = AL the effects of fluctuations are not well 
understood, however. One possibility is that they renor- 
malize the multicritical exponents. Alternatively, if the 
lower critical dimension of the isotropic Lifshitz point 
exceeds 3, the fluctuations might actually suppress the 
transition to T = 0, producing a cusp in the renormalized 
version of Figure 4. An analysis of fluctuations for the f 
= l/z, Q - a,? = 0 special case of random copolymers was 
recently carried out in ref 27 by means of a self-consistent 
Hartree approximation. These authors find a fluctuation- 
induced first-order transition, but we believe this to be 
inapplicable to the case of finite Q where a finite-width 
biphasic liquid region erieta. Clearly, more detailed studies 
of fluctuation effects in these complex systems are needed. 
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Appendix A Analysis of Chemical Correlations 
In this appendix we discuss a method for computing the 

correlation functions that characterize the block sequences 
of the model defined in section 11. Since the sequences 
on different chains are uncorrelated, we restrict consid- 
erationto a single multiblock chain with Q segments, each 
of which can be either of type A or type B. The successive 
segmenta on the chain are indexed by an integer 1 (1 < 1 
< Q), and we associate a stationary random variable 01 
with the lth segment that takes the value 1 if the segment 
is type A and -1 if the segment is type B. The joint 
probability distribution function, P({Oi)), describes the 
distribution of molecular species in the multiblock melt 
and follows from the Markov model of copolymerization 
described in section 11. Instead of constructing this 
distribution function, which depends parametrically on f 
and A, we focus here on a general method for computing 
its various momenta. 

The singlet distribution function,Pl(bl), follows trivially 
from the fact that 81 is a stationary random variable: 

Here, 6ijiS the Kronecker 6 function. From eqA.l it follows 
that 

To compute the higher order momenta, it is convenient 
to introduce a new random variable with zero mean, defined 
by 

61 = 0, - (6l)ave (A.3) 
The variable ut assumes the values 2(1 - f ,  and -2f, 
respectively, if asegment is of type A or type B. Correlation 
functions of the u1 variables are easily calculated by a 
transfer matrix method, which is facilitated by the 
following definitions: 

p = [  ;E] (A.4) 

(A.5) 

(A.6) 

(A.7) 

The physical interpretation of these quantities should be 
readily apparent. The matrix p is the matrix of conditional 
pair probabilities for the occupancy of adjacent segments 
on a chain. Its various elements were discuesed in section 
11. The column vector PI is a vector with elements equal 
to the probability that a given segment is either of type 
A or type B. Finally, OR and are a diagonal matrix and 
a column vector, respectively, with nonvanishing elements 
equal to the two permisible values of a'. 

With these definitions, expressions for correlation 
functions of any order can be written compactly. For 
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example, the pair correlation function of the occupation 
variables can be written as 

where the superscript T denotes the matrix transpose. In 
this expression for 1 > k the vector p1 gives the initial 
probability that the kth segment is type A or type B and 
the matrix UR assigns the appropriate value of Uh. The 1 
- k factors of p then propagate the probability vector to 
segment I and the final contraction with the row vector 
U L ~  assigns the appropriate value of q. By inserting a 
unitary transformation to diagonalize p, evaluation of p1-k 
and completion of the matrix algebra in eq A.8 is 
straightforward. Explicitly performing this algebra and 
making use of eqs 2.1-2.6 leads to the expression 

(A.9) 
which confirms eq 2.10. 

Similar expressions can be written for the higher order 
correlation functions. For example, the third-order cor- 
relation function (UkUlUm)ave in the case of k > 1 > m is 
given by 

( upk ) ave = 4f( 1 - f ,  

T &-I 
(0kUlum)ave = UL P @Rpl-m@Rpl 

= 8f( 1 - f ,  (1 - Zf, Xk-'X'-"' (A.lO) 
which is of order X2 for X << 1. Similarly, the fourth-order 
correlation function (UkU[CTmU")ave for k > 1 > m > n is 
given by 

= 16f(l- f)Xm-"Xk-'[f(l - f ,  + (1 - 2f,2X"m] 
( A X )  

This correlation function is also of order X2 for X << 1. 
However, it is important to note that ( uk2um2)ave is of order 
Xo = 1 for arbitrary k and m. 

Appendix B: Derivation of the Landau Free 
Energy 

In this appendix we outline the method used to compute 
the Landau expansion of the free energy for the multiblock 
copolymer model defined in section 11. Although an 
approach based on the replica trick is a~ailable~4-26 we 
employ a simple nonreplica method.22 Both approaches, 
however, lead to the same free-energy expression. The 
fundamental variables of our microscopic theory are the 
set of monomer positions, (R,(s)j, where i = 1, 2, ..., N p  
indexes the various chains in the sample and s = 1,2, ..., 
N indexes the monomers along a chain. The segment index 
1 is related to s by 1 = int ( s l M )  + 1. In addition to the 
monomer positions, we associate with monomers on chain 
i an occupation number variable, nil [note that 1 = l ( s ) ] ,  
defined in accordance with eq A.3. If the monomer belongs 
to a type-A segment, then takes the value 2(1 - f>; 
alternatively, if the monomer belongs to a type-B segment, 
then ail is assigned the value -2f. 

Having introduced the microscopic variables of concern, 
we can now write down the expression for the configu- 
rational partition function (canonical ensemble) of our 
model multiblock melt: 
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In this expression, the 6 functional 6(t#~-1) forces the 
microscopic monomer volume fraction 
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1 s  

to be unity at all points x in the sample (incompressibility 
assumption). Here, we continue to work in units where 
the monomer volume is unity and ~ B T  = 1. The chain 
configurational entropy (Edwards' Hamiltonian) is given 
by 

where b is the statistical segment length (taken to be the 
same for both types of monomers). Finally, the term xJdx 
@(x) describes the energetic preference of similar mono- 
mer contacts over dissimilar monomer contacts. The 
parameter x is the usual Flory parameter describing the 
interaction strength between A and B monomers,30~3~ and 
$(x) is a microscopic concentration field defined by 

Our motivation for introducing the field $(x) is that ita 
expectation value, m(x), when averaged over all realizations 
of the block sequences, is a useful Landau-type order 
parameter for investigating the thermodynamic properties 
of random block copolymer melts.24126 In particular, m(x) 
is defined by 

where the inner average ( 0 )  denotes an ensemble average 
with a statistical weight given by the integrand of eq B.l 
and the outer average ( 0  9 *)aVe indicates an average over 
the (ujl) variables according to the prescription given in 
Appendix A. The reason for focusing on the field m(x) 
is that it is defined to vanish in the case of a single 
homogenous phase, takes uniform nonzero values in the 
case of coexisting homogenous phases, and exhibits 
periodic spatial variations in the case of a mesophase. 

In order to express the free energy as a functional of 
m(x),  it proves convenient to rewrite the partition function 
B.l in the following way: 

2 = JD[m3 exJdx "'Jd(R) li(1-4) 6(m - $) 

where 

G[J,,J,l = In (exp[-iJdx (J,4 + J,$>1 )o 03.7) 

In this final definition, (. . . ) o  denotes an ensemble average 
with statistical weight exp(-Ho[RI). As the multiblock 
chains are noninteracting in this ensemble, we can write 

G[J,,J,l = In v(exp[-iJdx(J,+di + J,$i)l)O 
03.8) 

where 4i and $i are the contributions of chain i to the total 
fields 4 and $. Equation B.8 can be rewritten as 

1 

G[J,,J,l = c1. (exp[-iJdx(J,$i + Jm$i>l )o 
1 

= Np(h (ew[-iJdx(J,4, + Jm$,)l ),Jave (B.9) 
The latter expresaion follows from the fact that every chain 
constitutes an independent realization of the possible 
multiblock sequences-hence the sum on chains effects a 
disorder average in the thermodynamic limit. 
Our next task is to develop G[J+,J,I as a Taylor 

expansion in the fields J+ and J m ,  appropriate for cases 
of weak segregation of the A and B monomers. To facilitate 
this, it proves convenient to introduce the new fields 

J,(x) = J,@) - VJdx J,(x) 1 

(B.lO) 1 J,(x) = J,(x) - VJdx J,(x) 

where V is the system volume. In terms of the "tilde" 
fields, whose spatial integrals vanish, eq B.9 can be written 

G[J,,J,l = -iJdx J, + 
Np (1n(exp[-iJdx(a44, + 3m$1)1 )O)ave (B.11) 

where we have usedNJV/V = 1 (for unit monomer volume) 
and (gl)ave=O(cf. eqA.3). Nextitisconvenienttoseparate 

G[J,,J,l = -iJdx J, + 6[3,,SmI (B.12) 

and develop 6 [3Jm] in powers of 3, and s, to order a 4. 
As we shall see below, it turns out that the values of>4 
that contribute to the integral in eq B.6 are of order am2. 

Hence, the required terms in the expansion of 0 to order 

G[J,,Jml 88 

3 m 4  are 

where 

', - i J d .  

The quantities on the right-hand side of eq B.13 can be 
evaluated by performing the indicated Gaussian single- 
chain averages over Rl(s) and disorder averageis over ull 
according to the method of Appendix A. (In the following 
we wil l  drop the index 1 on the chain of concern.) In 
carrying out the latter type of average, it turns out that 
the correlation functions of the UI variables are required 
to fourth order. These have been calculated in Appendix 
A, but the expressions that arise for some of the terms in 
eq B.13 are quite unwieldy for general values of A. To 
simplify the calculations, we have evaluated the cubic and 
quartic terms in eq B.13 only to first order in A, eaeentially 
restricting consideration to the case of weak chemical 
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correlations along the chain. This restriction, however, is 
not particularly severe since qualitative changes in phase 
behavior due to strong correlations are only manifest when 
X is within l/Q of t1 or -1. Such extreme values of X can 
generally not be achieved in realistic copolymer systems. 
A second approximation that we invoke in evaluating the 
terms in eq B.13 is to coarse-grain the higher order terms 
over a scale R d  = Mb2/6, the radius of gyration of a single 
segment. This is achieved by recognizing that the Fourier 
coefficients of the 2 6  and Sm fields with wavevectors k << 
1lRMprovide the principal contribution to the free energy 
of a mesophase close to the ODT or of coexisting 
homogenous phases. Hence, in the cubic and quartic terms 
of eq B.13 we replace all coefficients of 36 or Sm that are 
functions of kRM by their limiting values for zero argument. 
The quadratic terms (first two on the right-hand side of 
eq B.13) are evaluated without using the above approx- 
imations in order to preserve the exact mean-fieldspinodal. 
Finally, we note that long multiblock chains are assumed, 
i.e., Q >> 1. Subdominant terms in Q are dropped 
throughout. 

The terms in eq B.13 are most conveniently expressed 
as functionals of the Fourier coefficients of the 36 and S m  
fields. These coefficients (transforms in the thermody- 
namic limit) are defined by, e.g., for S6 

S,(k) = J d x  e'l"S,(x) (B.15) 
The quadratic terms in eq B.13 evaluate to the compact 
expressions 

where g(x) is the familiar Debye function30 
g(n)  = 2[x - 1 + exp(-x)]/x2 (B.18) 

and R$ = Nb2/6 is the overall unperturbed radius of 
gyration of a multiblock chain. The function Gz(x) that 
appears in eq B.17 is defiied by 

where h(x) is a second Debye-like function defined by 
h(z) = [I - e~p(-x)1~/x~ 

and Cz f(1- f i .  
(B.20) 

The cubic terms, which have been simplified by using 
the approximations described above, are given by 
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Finally, we turn to the quartic terms, the first of which 
can be written as 

where we have again taken kiRM << 1, retained terms only 
to first order in A, and dropped subdominant terms in Q. 
The final quartic term in eq B.13 evaluates to 

Jm(k1) Sm(-k,) Sm(k2) Sm(-kz) 11 + 2g(kl2RN2 + k2RN2>1 
(B.24) 

Our next step is to perform the functional integrals over 
the J+ and Jm fields in eq B.6. This cannot be done exactly, 
but within mean-field theory these integrals are evaluated 
by finding the saddle-point Fourier coefficients J6(k) and 
Jm(k). To this end, we rewrite eq B.6 as 

2 = SD[ml exJb m2JD[J,JJD[JmJ exp(iJdx J m m  + 
c[S,,S,I) (B.25) 

and for the purpose of calculating the saddle-point 
coefficients, note the following identity: 

A similar expression can be written for the derivative 

The saddle-point equation for SJk) can be written as 
6/6Jm(k). 

which leads to 

In deriving this expression we have used the result S6( k) 
6kp = 0, which follows from the definition B.10. We also 

assumed. Substitution of this expression for Qreviously into eq 
B.13 yield terms of order Sm4 that exactly cancel the fiBh 
term on the right-hand side of eq B.13 and part of the 
sixth term. The resulting expression for the partition 
function is given by 

note that eq B.28 Show that S6 - Smz 88 

where C3 = (1 - 2f). 
Next, we evaluate the J m  integral by saddle pointe, yain 

invoking eq B.26 and dropping terms at each order n J m  
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that are subddominant in Q. The final result for the 
partition function can be written 

z = J D [ ~ I  e-H[mI (B.30) 

where the "effective Hamiltonian"H[ml is given to fourth 
order in m(k) by 
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g(k12RN2 + k22RN2) (B.31) 
In obtaining eq B.31, we have replaced factors of 
G2-1(k2R& in the cubic and quartic terms by the zero 
wavevector limit of eq B.19 

Gi'(0) = (C2MN-l (B.32) 
which is consistent with our restriction to k 2 R 2  << 1. Here, 
the dimensionless parameter A is related to X by 

1 + X  A=---- 
1 - X  (B.33) 

We have also replaced factors of 1 + 4X and 1 + 6X by 
factore of A2 and A3, respectively, which are equivalent to 
O(X). 

The final step in our calculation is simply to recognize 
that within mean-field theory we can use the effective 
Hamiltonian H[m] as a free energy functional;34 hence, 
F[ml = H[mI. 
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